We review the recent developments in the two-dimensional (super)gravity coupled to c(ĉ) ≤ 1 (super)conformal matter in the conformal gauge. Starting from a pedagogical account of the conformal anomaly in such a system, we show how the system is transformed into the representation in terms of the (free) Liouville field. Some perturbative justification is given to this procedure. The physical states are then examined both for the bosonic and supersymmetric theories, using the BRST formulation. It is explained how new discrete states arise together with some examples. We also discuss the relation with the results for c = −2 "topological" gravity. The vertex operator representations for the discrete states are summarized for c = 1 theory and are used to examine the interactions of these states. It is found that the states with nontrivial ghost number have interactions governed by the area-preserving diffeomorphism similar to those with vanishing ghost number. The resulting effective action has a BRST-like symmetry. * An expanded version of the talk given at the workshop on Elementary Particles and Symmetries, Hiroshima University, April 21-23, 1992. 
Introduction
The last few years have witnessed remarkable progress in the attempts to treat twodimensional (2D) quantum gravity nonperturbatively. This has been initiated by the discovery of the double scaling limit in the matrix models, which enables us to go beyond genus expansion by means of the differential equations satisfied by the nonperturbative partition function [1] [2] [3] .
These advances have spurred much progress in the continuum approach using the Liouville theory. As is well known [4] [5] [6] , 2D gravity coupled to conformal matter in the conformal gauge reduces to the Liouville theory with complicated nonlinear dynamics through conformal anomaly. However, inspired by the recent exact solution of the Liouville system in the light cone gauge [7] , a method based on conformal field theory has been well developed and this allows us to treat the Liouville field as almost free field [8] [9] [10] . Various quantities such as correlation functions have been successfully computed in this approach [11] . The consistency of whole this procedure requires that the conformal anomaly for the total system (conformal matter coupled to the Liouville theory) vanish!! So far this approach makes sense only when the matter conformal field theory (CFT) has the central charge c M ≤ 1.
In this approach, the system may be regarded effectively as a critical string theory in two dimensions, since the Liouville field provides a "time-like" dimension in addition to the space coordinate representing the conformal matter. It is then expected that there will be no degrees of freedom beyond that corresponding to the center of mass since there are no transverse directions; the center of mass motion of the string gives rise to a scalar particle, which in our case becomes massless but is usually called "tachyon" in analogy to the usual critical string. However, it has been found both in the matrix model [3] and Liouville approaches [12] [13] [14] [15] [16] [17] [18] [19] that there exist an infinite number of extra degrees of freedom at discrete values of momenta. It is difficult, if not impossible, to understand the origin and the role of these "extra states" in the matrix models since it is not clear what characterize these states. It is thus important to try to understand these issues in the continuum approach. In this article, we will try to give a detailed and pedagogical account of the Liouville approach to the 2D quantum gravity and, in particular, clarify the origin and interactions of these states.
In sect. 2, we begin by reviewing how conformal anomaly arises in the 2D gravity coupled to conformal matter. This discussion shows that the 2D gravity which appears to have no degrees of freedom actually leaves its trace as the Liouville theory. In sect. 3, we introduce the DDK ansatz [8] to reduce the theory to the "free" Liouville theory coupled to the conformal matter such that the total central charge vanishes, giving a conformally invariant system. In sect. 4, some perturbative justification of this trick is discussed [20] .
In sect. 5, we start analyzing the physical states using the BRST formalism [21] [22] [23] [24] [25] [26] . After some preparation in sect. 5.1, we examine some simple examples in the bosonic theory and give an idea on the general mechanism of the origin of the extra discrete states in sect. 5.2. We then discuss the general case in sect. 5.3 . The supersymmetric case is next briefly summarized in sect. 6. Since the general idea is explained in the bosonic case, we only sketch the main steps. In sect. 7, we discuss the relation of our approach to the c = −2 theory as considered "topological gravity" [27] [28] [29] [30] . In sect. 8, we give a summary of the vertex operator representations of the extra state for c(ĉ) = 1 theory and check their BRST invariance. We use these representations in sect. 9 to examine the interactions of these discrete states with and without ghost number and show that their interactions are governed by the symmetry of area-preserving diffeomorphism [15, 16, 19, [31] [32] [33] [34] [35] . Finally sect. 10 is devoted to discussions and future prospects.
For other approach to the 2D gravity using the collective coordinates and supersymmetric case, we refer the reader to refs. [36, 37, 38] .
Conformal anomaly and Liouville theory
Let us consider the 2D gravity coupled to a CFT with central charge c M . The partition function is given by 1) where g ab is the two-dimensional metric and X represents the matter field. We assume that the action S(X, g) is invariant under the diffeomorphism as well as the Weyl rescaling of the metric g → e σ g:
2)
The action for gravity is just given by the cosmological term
where ξ a (a = 1, 2) are the coordinates.
It is generally believed that there is no physical degrees of freedom in the metric in two dimensions. 1 We are now going to see that this is violated by the quantum effects called conformal anomaly and this leaves nontrivial dynamics unless certain conditions are satisfied [4, 5] . Let us first choose the conformal gauge 4) whereĝ ab is a reference metric conformally equivalent to Euclidean metric δ ab . In this gauge, it is convenient to use a complex coordinate z in place of two real ξ a :
We then have (forĝ ab = δ ab )
5a)
Namely, g ab have components g zz = gz z = 1 2 e φ 0 on this basis.
In order to separate the volume of diffeomorphism V (Dif f ) from the integral over the metric, we consider an infinitesimal transformation δz = v z (z,z). This induces a variation of the metric by
We thus get
Using the fact that
∂v z g zz = 0 and
g zz is essentially identity, we can rewrite the integral over the metric as
The first two integral over v z and vz gives the volume V (Dif f ) and the last two determinants can be written in terms of ghosts b zz and c z . In this way we obtain 9) where 2.10) Similar to the matter action, this is conformally invariant:
Thus the conformal field φ 0 (ξ) appears to decouple from the system. However, it does not because the volume element D g XD g bD g c depends on φ 0 .
If we define an actionS(g) by 12) the partition function is given by
where
(2.14)
Our next task is to find an explicit formula for S ef f (ĝ, φ 0 ). For this purpose, we make the stress-energy tensor by varying the effective action Γ with respect to the metric: 15) where W is the usual generating functional for connected diagrams:
Here ( , ) means integral over the product. Using (2.12), we have W = −S(g) + (terms involving sources). (2.17) Since only the first term depends on φ 0 , we have
The traceless part T zz , on the other hand, has the part which involves X, b and c but does not depend on φ 0 , and the rest T φ zz which depends on φ 0 . The first part obeys the conservation law by itself. We thus get from the conservation law of the stress-energy
The only local quantity of rank 1 involving the metric is ∂ z R, hence we find 20) where λ is a constant to be determined. Combined with (2.19), eq. (2.20) yields
Integrating (2.21) using (2.5), we obtain 22) which is the desired Liouville action.
To determine λ, we use the Ward identity involving (2.20) . If we vary (2.20) with a variation δg ww and use the variational formula 23) we obtain 1 2π 24) leading to (2.25) Thus this λ must be minus of the central charge of the matter and b, c ghosts: (2.26) This completes the reduction of the 2D gravity to the Liouville theory coupled to a CFT. If c M = 26 as in the critical string, the Liouville field is decoupled from the system and one may discard it. However, in non-critical case one has to incorporate the effects of the Liouville field. This is very difficult for the following reason.
The measure for the path integral over φ 0 in (2.13) is defined by the complicated norm 27) which depends on φ 0 itself nonlinearly. This has prevented us from proper treatment of the quantum theory of the Liouville field and non-critical strings. We now turn to a very interesting approach based on conformal field theory which enables us to transform the theory into a more tractable form.
Liouville theory as free field
The conclusion obtained in the previous section may be summarized as follow. The partition function in the conformal gauge is originally given by (2.9):
This was rewritten as (2.13) 2) which is obtained from (2.12), (2.13) and (2.22) . Here we have defined the standard
As it stands, the path integral over φ 0 is very complicated and it is very difficult to make sense of this theory.
In order to put this system in a more tractable form, we make the change of variables such that the measure is independent of φ 0 . This will produce a Jacobian as 4) where Dĝφ is the free field measure defined by the norm
This procedure is similar to the rewriting of eq. (3.1) as (3.2) , where the "difference"
(the Jacobian) between the two is given by the Liouville action (3.3) . In analogy to this, we assume here that the Jacobian is given by the exponential of a renormalizable local action similar to the Liouville one (3.3) [8] : (3.6b) where Q, µ ′ and α are unknown coefficients due to quantum effects.
These parameters are determined by the consistency of the above ansatz. First, let us choose the bare cosmological constant µ 0 so as to cancel µ ′ . Next, to determine Q, notice that the original theory depends only on g = e αφĝ and so is invariant under
This means where we have used the fact that the measure for φ is not changed under the shift of φ for (3.5) . Eqs. (3.8) and (3.9) imply that the total conformal anomaly vanishes! Notice that if we simply disregard the integration over the Liouville mode φ 0 in eqs. (3.1) and (3.2), we have the Liouville action as a conformal anomaly. The important point here is that the inclusion of the (new) Liouville field φ recovers the invariance.
The stress-energy tensor for the Liouville field is given by 10) which tells us that it has the central charge c L = 1 + 12Q 2 . Hence the vanishing condition of the conformal anomaly or total central charge reads
The other parameter α is determined by demanding that g = e αφĝ be invariant under conformal transformation, or e αφ be a conformal tensor of dimension (1, 1) . The dimension of this operator is given by − 1 2 α(α + 2Q), and we get (3.12) We are now faced with the question which solution yields a theory equivalent to 2D quantum gravity. The consistency with the semiclassical limit (c µ → −∞) [39] tells us that we should choose α + .
The above whole argument can be easily extended to supersymmetric case [9] .
Perturbative calculation of the Jacobian
In sect. 3, we have shown that once we assume the local form of the Jacobian (3.6), consistency uniquely fixes its precise form. In this section, we will describe a justification of the local form of the Jacobian in the perturbative approach [20] .
The transformation from the measure defined by (2.26) to the measure by (3.5) produces the formal Jacobian
In order to calculate this Jacobian, we have to regularize it. For this purpose, we consider a family of metrics
The infinitesimal contribution to the Jacobian δJ [ĝ, φ, x] as the metric charges from g(x)
With the help of the coordinate basis with states |z, x > normalized as
This expression is ill-defined because < z, x|z, x >∼ δ(0). Let us then regularize this by using the heat kernel as (4.6) where ǫ is the regulator and ∆ g(x) is the Laplacian for the metric g(x).
and is a solution of the differential equation
The solution to this equation is well known and its short time expansion is given as [5] < z, x|e
The last area term may be renormalized into the cosmological constant term in perturbation theory. Integrating (4.10) over x gives the local action assumed in (3.6).
It seems that no ambiguity appears in the above "derivation". However, the heat kernel regularization used above is not unique; for instance, one may use the heat kernel 11) which is the most general expression that is diffeomorphism invariant. The constant β then introduces the ambiguity in the coefficient of Rφ term which is left in (3.6). Moreover, we should remember that the the reasoning and techniques used above implicitly assume the validity of the usual perturbation. The Jacobian (4.1) has short distance singularity and so it is to be expected that the result is a local expression. Thus it would be fair to say that we have partial support for the ansatz (3.6) at present.
5 Discrete states in the bosonic Liouville theory
Preliminaries
After this long preparation, we now come to the analysis of the physical states in the 2D gravity coupled to c M ≤ 1 CFT. We will treat this system as a free Liouville scalar field coupled to CFT in a conformally invariant manner, regarding the Liouville
exponential interaction (the cosmological constant term) as a marginal deformation; the effects of the cosmological constant will be incorporated perturbatively.
We use the free field realization for the conformal matter. The stress-energy tensor is given by
where scalar field X has the mode expansion 2) with the commutation relation
It satisfies the Virasoro algebra with the central charge
. This is very similar to the Liouville theory (3.10) with λ X replaced with
The conformal invariance of the whole system may be succinctly summarized by using the BRST charge
where T bc (z) is the stress-energy tensor for the ghosts. The condition that the total central charge add to up to zero becomes 5) which is equivalent to the nilpotency of the BRST charge. 3 In terms of the mode operators, the BRST charge is given by [22] 
where we have used the relation [b m , L n ] = (m − n)b m+n . This means that the nilpotency of Q B is equivalent to zero total central charge.
where φ n , c n and b n are the mode operators for the Liouville and ghost fields, and
As usual, the BRST charge is decomposed with respect to the ghost zero modes:
The physical states are defined to be nontrivial ones satisfying
Any BRST-exact state (Q B χ) is trivial in the sense that it trivially satisfies (5.8) We now examine a few examples to reveal the general mechanism of the origin of extra physical states.
Examples and the general mechanism
To see how extra states arises, let us consider all possible states at level 1: 11) where the ground state |p, ↓> carries the momenta p X , p L and is annihilated by b 0 . We apply Q B on these to find
The on-shell condition reads
For general momenta, eq. (5.12) shows that there are no nontrivial physical states.
However, for the special values of momenta p 
(5.14)
From these relations, we find that the following states are nontrivial physical states:
Others are either BRST-exact or do not vanish.
There is another set of momenta at which similar miracle happens;
We find in this case that the nontrivial states are given as
We can repeat similar analysis at level 2 and higher. In this way we find there appear several nontrivial states at the discrete values of momenta: these states appears only at the fixed values of momenta and hence are quite different from the usual particles.
The above examples already involve the general mechanism of how these extra states appear. Under the action of Q B , a state |α, p > transforms into another state |β, p > with a coefficient which is a function of momenta 18) which are obtained from (5.12) and (5.5), we find that it is rewritten as 5.15) by this mechanism. We can show that all other states also appear in this way. As we will discuss in sect. 10, this is related to the vanishing of the null states and this decompostion occurs in general at the levels where null states in the minimal model exist; in this example, the state on the r.h.s. of eq. (5.19) for general momenta is a null state.
General case
Having got general idea how these extra states appear, the only remaining task is to enumerate all possible cases when this happens.
For this purpose, it is convenient to rewrite the BRST charge in the "lightcone-like" variables defined as
( 5.20) We then assign the degrees to the mode operators as follows: (5.21) and 0 to the ground state. All the states then carry definite degrees, and the cohomology operator d in (5.7) is decomposed into three parts with definite degrees.
where d 0 is given by
In our Fock space with definite degrees, each term with definite degrees in
As a result, we have
Our strategy for examining the cohomology problem consists of the following two steps. Now our first problem is quite easy. There are two possible cases to be examined.
In this case, if we define 27) {d 0 , K} ≡N becomes the number operator for the oscillators. This means that any state satisfying (5.25) with nonzeroN is trivial; the argument is similar to the on-shell condition (5.9) . Hence the only nontrivial state is the ground state without mode oscillator:
This is what is called the "tachyon".
Case II. P + (j) = P − (k) = 0 for some integers j, k = 0.
From the linearity of P ± (n) in n, we have 30) where t If we define 32) for j, k > 0 and 33) for j, k < 0.
• This exhausts all possible d 0 -nontrivial states. For example, if P + (j) = 0 but P − (n) = 0, we have 34) with α being not integer. This gives p + p − = P + (0)P − (0) = −jα, which implies that the nontrivial state is possible only at jα. However, the only available oscillators have level j, which cannot produce states at this level.
Having completed step 1, we now proceed to step 2. Without detailed proof (for which we refer the reader to refs. [14, 18] ), we summarize the main lemma necessary to understand the final results.
Lemma. If, for each ghost number N F P , the cohomology of d 0 is nontrivial for at most one fixed degree independent of N F P , then we can construct unique (up to d-exact These physical states exist at level jk for any given integers j and k, and there are an infinite number of them. The levels at which they exist are precisely those where null states in the minimal models exist (see, for instance, refs. [40, 41] ). This is no accident.
We will discuss why this is so in sect. 10.
Discrete states in the super-Liouville theory
In this section, we briefly discuss the supersymmetric extension of the results in the previous section. The extension involves the introduction of the additional fermionic partners (ψ, ξ) and (β, γ) of (X, φ) and (b, c). Using the lightcone-like variables similar to (5.20) , the BRST charge takes the form
for the NS (R) sector, where
The explicit forms of other operators are not necessary except that d 2 = 0 in the Fock space with states of definite degrees. The nilpotency of the BRST charge now gives the
Our strategy for finding nontrivial physical states is the same as in the bosonic case.
The only difference is that we have extra degrees of freedom coming from the supersymmetric partner. These appear in the second term in d 0 (6.2).
Let us first examine the NS sector. Due to the additional fermionic term, there are many possibilities to be examined. Case I is the same as the bosonic Liouville and we have only ground state |p X , p L > with p + p − = 0. Case II has the following two possibilities:
In this case, it appears that α + −j and c −j (α − j and b j ) for j, k > 0 (j, k < 0) can produce nontrivial states, but the on-shell condition tells us that nontrivial states are possible only at the levelN (6.4) and hence j, k > 0 or j, k < 0. For odd k the above mode operators cannot produce states at this level. For even k, the nontrivial states are 5) for j, k > 0 and (6.6) for j, k < 0.
(ii) Odd j.
Similarly the nontrivial states may be created by α
and β j/2 ) for j, k < 0 (j, k < 0) at level 1 2 jk. There are many states starting from
the rest being obtained by replacing two γ's by either c −j or α + −j and so on for j, k > 0 (and similarly for j, k < 0). How this table ends depends on whether k is even or odd, but there is no essential difference in these two cases.
• Just as in the bosonic case, there is no other case with nontrivial d 0 cohomology.
Using the lemma in the previous section, we see that the ground state tachyon for Case I and the states in (6.5) and (6.6) for Case II (i) with even j and odd k can be extended to nontrivial elements of d cohomology. However, this lemma does not apply to the states in case (ii) since there are many nontrivial states. We have in this case: [18, 19] .
• Examining how the states in Case II (ii) transform into one another, we can easily find that only the states 8) for odd j, k > 0 and 9) for odd j, k < 0, are singlets and can produce nontrivial d-cohomology. (If k is even, there is no singlet and hence no nontrivial state.)
To summarize, we have found that there are discrete states at level 1 2 jk generated from (6.5), (6.6), (6.8) and (6.9) for j − k = even. We note that these are precisely the conditions for the null states to exist [41] and that these states again have adjacent values of the ghost number.
The R sector may be similarly examined [18] . After exactly the same procedure, it is easy to show that there are nontrivial states at level 1 2 jk with j − k = odd for given integers j and k. The nontrivial states are generated form (6.5) and (6.6) for odd j and even k, and from (6.8) and (6.9) for even j and odd k. Again the above conditions are those for the existence of the null states.
If the conformal matter coupled to the 2D gravity has c M = −2, it has been noted that the system is quite similar to the topological gravity [27] [28] [29] [30] .
In our notation using free scalar fields, the stress-energy tensor for such a system is given by
If we use the standard bosonization for the bosonic ghost [42] β = −ie −iX+φ ∂X , γ = e iX−φ , ( 7.2) eq. (7.1) is rewritten as
The conformal dimensions of these "ghosts" are dim.(β, γ) = (2, −1) and this system has the central charge 26 which cancels against −26 from the reparametrization ghosts (b, c).
In the representation by β and γ, the Virasoro generator L 0 is just the number operator for all the nonzero mode operators. According to eq. (5.9), this means that the nonzero mode operators cannot produce nontrivial cohomology; only zero modes can give rise to such states.
The mode expansion of the ghosts are given by 7.4) and the conformal vacuum satisfies
The usual choice of the ground state for the β − γ system is γ n |0 >= β m |0 >= 0 for n ≥ 1, m ≥ 0, (7.6) which are related to (7.5) by
According to refs. [29, 30] , the nontrivial cohomology is given by the states (7.8) 5 To see that |0 > defined by (7.7) satisfies (7.6), one computes
This space has only one-dimensional extension (depends only on single integer), in contrast to our analysis in the previous section.
In i) = (1, i), and hence the first state in (7.8) has the momenta
On the other hand, since 
( 7.10) Comparing (7.10) with (7.9) , this seems to indicate j = 0 and 2k = −2l − 1. The latter condition contradicts to the fact that k and l are integers. The resolution of this inconsistency lies probably in the fact that the vacuum |0 > is not unique; for example, if we take |0 >= e φ(0)+(φ(0)−iX(0))/2 |0 >, which still satisfies (7.6), we get j = 0 and k = −l. Thus these states are at level 0 in our notation.
It is clear that our analysis allows for the wider space than that considered in the representation in terms of β and γ; ours includes states connected by the exponentials of φ 1 and φ 2 , which cannot be reached by simply multiplying β or γ. This wider space has been known as the "picture changed one" in superstring theory [42] . If we have an additional constraint that we should identify the picture changed states as in superstring, then the nontrivial cohomology is exhausted by (7.8) . It is not clear to us at present whether we should impose such condition in the c M = −2 theory. of Schur polynomials [14, 17] . Fortunately it has been pointed out that c M = 1 gravity, the most interesting case from the physical point of view, allows for rather simple representations by means of the vertex operators [14] [15] [16] [17] [18] [19] . In this section, we summarize the representations and show the BRST invariance of the states.
For c M < 1 theory, the representations of the physical states are characterized by the screening operators with dimension one [41, 43] :
In the limit c M → 1 (λ X → 0), these constitute the SU(2) current algebra with an additional generator J 0 : 2) which satisfy the operator product expansion with the level κ = 1:
The key of the simplicity of the construction of the discrete states for c M = 1 is that these currents form a closed algebra. Thus all the physical states in the c M = 1 matter theory belong to representations of the SU(2) current algebra, which are well known [44] .
It is easy to see that e at particular momenta. The conformal dimension of V J,m is J 2 .
These primary fields receive some gravitational dressing. We demand that the dressed fields have conformal dimension (1,1) since then it makes sense to integrate them over the surface. The operator e αφ has the conformal dimension − 1 2
We see that there are two possibilities:
The SU(2) quantum numbers (J, m) are related to the integers (j, k) introduced in sect. 5.
To see this, note that the operator carries momenta (p
On the other hand, we have t
Combined with (5.30), we get
Similarly we have constructed all the states found in the analysis in sect. 5. The result is summarized as follows [18] .
(1) For j, k ∈ Z + and N F P = 0,
(2) For j, k ∈ Z + and N F P = 1,
For j, k ∈ Z − and N F P = −1, where
The states representing the nontrivial cohomology classes are obtained by acting the above operators (with z = 0) on the physical vacuum |λ >≡ |λ
J−1,m have spin (J − 1). These states may also be written in terms of the Schur polynomials defined by
which can be proved using (8.13) . From (8.11), we have for case (4)
where we have denoted the creation operator terms by X + (ζ) and φ + (ζ), and p (8.16) In this way, all the states created by (8.6)-(8.12) may also be written as 17) where p
, in agreement with ref. [14] . [Note the difference in the arguments of Schur polynomials in cases (2) and (4).]
It is instructive to check explicitly that these states are BRST invariant. Take, for example, the state (2). Since J − 0 commutes with the BRST charge, it is enough to show this for m = J − 1. Applying the BRST charge on the state, we get (8.18) Since S 2J−1−l does not depend on φ n , we get for n > 0 (8.19) where
= J − 1, we have j = 2J − 1 and k = 1, and hence from (5.30) (8.20) With the help of (8.14) , the second and third terms in (8.19 ) may be transformed as (8.21) Substituting these into (8.19) yields
Putting this into (8.18) , we are left with
The last equality follows from the symmetry of the sum. It is easy to check the BRST invariance of the other states.
Finally we summarize the representation forĉ M = 1 super-Liouville theory [18] . These are obtained by noting that the physical states form again representations of the SU (2) current algebra generated by 24) which satisfy (8.3) with level κ = 2.
For the NS sector, they are generated by the following operators:
(1) For j, k ∈ Z + and N F P = 0, (8.25) (2) For j, k ∈ Z + and N F P = 1, 26) where (8.27) (3) For j, k ∈ Z − and N F P = 0, are integers. We do not have explicit representation for case (4) at present. It seems necessary to use complicated picture changing to construct the states in (4) . In terms of the Schur polynomials, these are written as follows: 29) where p
The BRST invariance of these states may be similarly checked. For example, if we apply the BRST charge to the state in (2), we get, after some algebra,
n − r c −n γ n−r S J−r− (8.30) We collect the terms involving c −n γ r and use eqs. (8.14) to find
n,r>0,0>q>−n c −n γ −r S J−n−r− (8.31) where the last equality follows from the symmetry. It is easy to show that the remaining terms also vanish. We can similarly show the BRST invariance of other states.
States for the R sector contain the two-dimensional spinors from the fermion zero- 8.25,26) for the cases (1) and (2) (but with half-odd-integers J and m). For case (3), we should take the vacuum
Of course, the mode expansions should be modified accordingly. We can similarly check the BRST invariance of these states.
To determine g(J 1 , J 2 ), we may compute the operator product for m 1 = J 1 − 1 and
In this way, one finds
To determine g(J 1 , J 2 ), we consider the special case m 1 = −J 1 + 2 and m 2 = −J 2 . After some calculation, one finds
Instead of continuing this line, we have computed the three-point function (9.10) it is easy to show that S 3 can be written as 16) where
This form of the effective action reminds us of the similar structure of the nonabelian gauge theory. Following this analogy, it is natural to look for similar "BRST-like" symmetry in the action. For this purpose, it turns out to be convenient to write the action for the states without ghost number in terms of the fields
We have 18) which has the symmetry under (9.19) Note that is a nilpotent transformation δ 2 = 0, similar to the BRST transformation.
This transformation is similar to that generated by the operator L(z) defined in eq. (8.7) except that this changes spins of the states; the generator is given by 20) which is clearly nilpotent. Indeed, it is easy to see
The factors in the effective action (9.16) are obtained as follows. Since the φ integration restricts the superscripts to (−, +, +) and produces factor three, the first term becomes
which gives the first term in (9.12) . The second term is obtained similarly.
The action can then be written as (9.22) What does this symmetry imply? We have no definite answer yet. However this strongly suggests that these "ghost degrees of freedom" play the role of the ghosts in the usual string and cancel part of the contribution from the N F P = 0 states.
There is some support to this conjecture. Bershadsky and Klebanov [46] have recently computed the one-loop partition function in c M = 1 gravity. The result is 23) where V L = | ln µ|/ √ 2, τ is the moduli parameter integrated over the fundamental domain, q = e 2πiτ , and Z M (τ,τ ) is the matter partition function given by 25) If |k| or |k| is n/ √ 2, there are additional special primary fields (8.4) whose existence is connected with the vanishing of the null states (see the example (5.19) and the discussion in sect. 10).
For |k| = n/ √ 2, there are no null states and no special primary fields, giving the Virasoro character X k = q k 2 /2 /η(q). For |k| = n/ √ 2, the primary field exp(inX/ √ 2) has a null descendant (which actually vanishes) of dimension (n + 2) 2 /4. Thus we must subtract the latter contribution:
χ n,0 = q n 2 /4 − q η(q) . (9.28) and it gives the result (9.24) . Namely, the partition function looks as if the only primary fields are (9.25) , and their Virasoro modules do not contain vanishing descendant.
This result suggests that the "ghost states" with spin (J − 1) cancel against the contributions of the discrete states with N F P = 0 and spin J except those of the "boundary states" V J,±J = exp(±iJX/ √ 2). To really check this possibility in our approach, we have to compute the one-loop partition function with our effective action.
It is possible to extend the above analysis to the super-Liouville theory [18, 19, 31, 32, 33] . There again we find the interactions of the discrete states (in the NS sector) are governed by the same area-preserving diffeomorphism. We refer the reader to the second reference in [18] for the details of computation.
Discussions
We have shown in sect. 5 and 6 that there are extra discrete states at the fixed values of momenta. These momenta precisely correspond to the values at which special states with respect to the Virasoro algebra appear. We now discuss why this is so. which give physical states. At the zeros of (10.2b), there are again physical primary states ("null states" for c M < 1) at the same level jk. This is the origin why such discrete states exist at these levels, where the decomposition of the BRST doublets into singlets takes place owing to (10.3) .
We have thus given a summary of the Liouville approach to the 2D gravity. There are still some unsolved problems. For example, we might say that we now understand the origin of the discrete states fairly well. However, the role of these states, in particular, those with ghost number is not understood yet.
We hope that through this analysis, we may get new insight into the 2D quantum gravity.
